We investigate the running vacuum model (RVM) in the framework of scalar field theory. This dynamical vacuum model provides an elegant global explanation of the cosmic history, namely the universe starts from a non-singular initial de Sitter vacuum stage, it passes smoothly from an early inflationary era to a radiation epoch ("graceful exit") and finally it enters the dark matter and dark energy (DE) dominated epochs, where it can explain the large entropy problem and predicts a mild dynamical evolution of the DE. Within this phenomenologically appealing context, we formulate an effective scalar field description of the RVM through a field φ, called the vacuumon, which turns out to be very helpful for an understanding and practical implementation of the physical mechanisms of the running vacuum during both the early universe and the late time cosmic acceleration. In the early universe, the vacuumon behaves similarly to the scalaron field of Starobinsky-type inflation, whilst in the late universe it provides an effective scalar field description of DE.
I. INTRODUCTION
The recent and past analyses of the Planck collaboration [1] [2] [3] provide significant support to the general cosmological paradigm, namely that the observed Universe is spatially flat and it is dominated by dark energy (around ∼ 70%), while the rest corresponds to matter (dark matter and baryons) [4] [5] [6] [7] [8] . From the dynamical viewpoint dark energy (hereafter DE) occupies an eminent role because it provides a theoretical framework towards explaining the cosmic acceleration. The simplest candidate for DE is the cosmological constant. The combination with cold dark matter (CDM) and ordinary baryonic matter builds the so called ΛCDM model (see [9] for a review), which fits extremely well the current cosmological data. Despite its many virtues, the ΛCDM model suffers from two fundamental problems, namely the fine tuning problem and the cosmic coincidence problem [10] [11] [12] [13] . But it also suffers from some persistent phenomenological problems (called "tensions") of very practical nature, such as e.g. the mismatch between the CMB determination and the local value of the Hubble parameter [14] . Moreover, there is an unexplained 'σ 8 -tension [15] ) , which is revealed through the fact that the ΛCDM tends to provide higher values of that parameter than those obtained from large scale structure formation measurements. Dynamical DE models seem to furnish a possible alleviation of such tension, see eg. [16] [17] [18] [19] , and this is a very much motivating ingredient for focusing our attention on these kind of models. These problems have opened a window for plenty cosmological scenarios which basically generalize the standard Einstein-Hilbert action of General Relativity (GR) by introducing new fields in nature ( [20] [21] [22] [23] ), or extensions of GR. Among the large family of DE models, very important in these kind of studies is the framework of the running vacuum model (RVM) [24] [25] [26] [27] -see [28, 29] and references therein for a detailed review. In fact the idea to have a vacuum that depends on cosmic time (or redshift) has a long history in cosmology and it is perfectly allowed by the cosmological principle ( [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] ).
In this context, the equation of state is similar to standard ΛCDM p Λ = −ρ Λ , however the vacuum density varies with time ρ Λ = ρ Λ (t). The cosmological implications of various dynamical vacuum models have recently been analyzed both for the early universe [29, [48] [49] [50] [51] [52] as well as for the the late universe [53] [54] [55] -see also [56] [57] [58] [59] [60] [61] for previous analyses. In particular, for RVM where ρ Λ evolves slowly as a power series of the Hubble parameter, it has been found that the spacetime emerges from a nonsingular initial de Sitter vacuum stage, while the phase of the universe changes smoothly from early inflation to a radiation era ("graceful exit"). After this period, the universe passes to the dark-matter and Λ-dominated epochs before finally entering a late-time de Sitter era.
In a previous work [62] , we have provided a concrete examples of a class of field theory models of the early Universe that can be connected with RVM. Specifically, we have managed to reformulate the effective action of Supergravity (SUGRA) inflationary models as an RVM, by demonstrating that ρ Λ in such models can be writ-ten as an even power series of the Hubble rate, which can be naturally truncated at the H 4 term. This is exactly the underlying framework expected in the simplest class of running vacuum models. Let us also mention that the RVM also provides some important ingredients for overcoming the fine tuning problem [28] . Moreover, RVM's have been compared against the latest cosmological data (SNIa+BAO+H(z)+LSS+BBN+CMB) see [63] for a summary review -and they turn out to give a quality fit that is significantly better than the concordance ΛCDM , [16, 17] . Interestingly, the RVM can be mimicked by Brans-Dicke theories as well, [64] . Obviously, the aforementioned results have led to growing interest in dynamical vacuum cosmological models of the type Λ = Λ(H) Therefore, there is every motivation for further studying running vacuum models from different perspectives, with the aim of finding possible connections with fundamental aspects of the cosmic evolution. In point of fact, this is the main goal of the present article. Specifically, we attempt to provide a scalar field description of the RVM which is one of the most popular Λ(H)CDM model.
The structure of the paper is as follows. The general framework of the RVM is introduced in II. The basic theoretical elements of the RVM are presented in sections III and IV. The scalar field description of the RVM, based on the vacuumon field is developed in section V. Finally, our conclusions are summarized in section VI.
II. RUNNING VACUUM COSMOLOGY
The general idea of dynamical vacuum is a useful concept because it may provide and elegant global description of the cosmic expansion. In this section, we briefly present the basic ingredients of a specific realization of this idea which goes under the name of running vacuum model (RVM), based on an effective "renormalization group (RG) approach" of the cosmic evolution, see [24, 27] and [28, 29] . In fact, the RVM grants a unified dynamical picture for the entire cosmic evolution [48] [49] [50] [51] . It connects smoothly the first two cosmic eras, inflation and standard Fridman-Lemaître-Robertson-Walker (FLRW) radiation, and subsequently allows the universe to naturally enter the matter and dark energy domination in the present time, in which it still carries a mild dynamical behavior compatible with the current observations [53, 54] .
In the old decaying vacuum models mentioned above (see e.g. [65] for a review ) the time-dependent cosmological term was usually some ad hoc function Λ(t) of the cosmic time or of the scale factor. However, the running vacuum idea is inspired in the context of QFT in curved spacetime. It is based on the effective RG approach to the evolution of the universe, and hence on the existence of a running scale, µ c = µ c (t), which is connected to the dynamical variables of the cosmic evolution. Such variable is not known a priori. In particle physics, for example, one associates it to the the characteristic energy scale of the process in an accelerator, or to the mass of the decaying particle in the proper reference frame. In cosmology, however, it is more difficult, but a natural ansatz within the FLRW metric is to associate the RG running scale to the Hubble parameter, i.e. to the expansion rate of the cosmic evolution, µ c (t) = H(t) -see [28, 29] and references therein. Following the notations in these references, the RG equation takes the general form:
where the coefficients a i , b i , c i . . . are dimensionless and receive contributions from loop corrections of boson and fermion matter fields with different masses M i . At this point we need to emphasize that the general covariance of the action [25] [26] [27] imposes the appearance of only even powers of H in (1) .
Notice that if the evolution of the Universe is restricted to eras below the Grand Unified Theory (GUT) scale, then for all practical purposes it is at most the H 4 terms (those with dimensionless coefficients b i ) that can contribute significantly. The H 2 term is of course negligible at this point, and the higher powers of H n for n = 6, 8, .. are suppressed by the corresponding inverse powers of the heavy masses M i , which go to the denominator, as required by the decoupling theorem. In the scenarios of dynamical breaking of local supergravity discussed in Ref. [66] [67] [68] , the breaking and the associated inflationary scenarios could occur around the GUT scale, in agreement with the inflationary phenomenology suggested by the Planck data [69] , provided Jordan-frame supergravity models (with broken conformal symmetry) are used, in which the conformal frame function acquired, via appropriate dynamics, some non trivial vacuum expectation value [62] . For these situations, therefore, corrections in (1) involving higher powers than H 4 will be ignored. In the next sections, we study the running vacuum model by integrating (1) , following the approach of [48] [49] [50] [51] . Before doing so, let us briefly review the main ingredients of RVM.
III. DYNAMICAL VACUUM AND RUNNING VACUUM MODEL
The aim of this section is to demonstrate that there exists a family of time-dependent effective dynamical vacuum models of running type, i.e. the class of the running vacuum models (RVM's) introduced in Sect. II, which characterize the evolution of the Universe from the exit of the Starobinsky inflationary phase till the present era.
It is interesting to mention that the RVM scenario explains on very general grounds the early de Sitter era with the late time de Sitter epoch, namely dark energy for which the value of the cosmological constant is very small. Specifically, form Eq.(1) we observe that the series converges at low enough energies, where H is small definitely much smaller than any particle mass. Indeed in this regime only the term H 2 (not even H 4 ) can contribute significantly on the r.h.s. of equation (1) at any stage of the cosmological history below the GUT scale M X ∼ 10
16 GeV, where early inflation takes place. Now, if we focus on the high energy regime it is easy to realize that we need to keep at least the term H 4 , since it is the dominant quantity in the series (1). The higher powers of H are suppressed by the inverse powers of the heavy boson and fermion masses in the GUT, as suggested by the Appelquist-Carazzone decoupling theorem [51] . Generally, high energy contributions within QFT in curved spacetime are included in higher order terms of H and play a significant role in the semi-classical description of gravity close to GUT. Inflationary scenarios introduced by the RG context appear since long in the literature (see [24] , [51] ) as well as the unified inflation-dark energy picture of [27] . In the case of a more phenomenological approach which however has nothing to do with RG we refer the works of [70] [71] [72] [73] .
Based on the aforementioned discussion Eq. (1) becomes in agreement with the observational constraints. In point of fact, from the joint likelihood analysis of various cosmological data (supernovae type Ia data, the CMB shift parameter, and the Baryonic Acoustic Oscillations), it has been found |ν| = O(10 −3 ) [53, 54, 56, 57] .
IV. RUNNING VACUUM VERSUS SCALAR FIELD: THE VACUUMON
Let us start here with the Einstein-Hilbert action
where κ = √ 8πG, with G the four-dimensional Newton constant, ρ Λ (t) = Λ(t)/κ 2 and L m is the Lagrangian of matter. Notice, that the cosmological equations are expected to be formally equivalent to the standard ΛCDM case, due to Cosmological Principle which is embedded in the FLRW metric, perfectly allows the possibility of a time-evolving cosmological term. If we vary the action (6) with respect to the metric we obtain the field equations
whereT µν ≡ T µν − g µν ρ Λ is the total energy momentum tensor, with
, which is the vacuum energy density related to the presence of Λ(t) (with pressure p Λ = −ρ Λ ). We would like to stress that the latter equation of state (EoS) does not depend on whether the vacuum is dynamical or not.
Considering the overall cosmic fluid as a perfect fluid with velocity 4-vector field U µ , we find T µν = p m g µν + (ρ m + p m ) U µ U ν , where ρ m is the density of matterradiation and p m = ω m ρ m is the pressure, where ω m is the EoS of matter. Therefore, the formT µν of the same to
In the framework, of a spatially flat FLRW spacetime, we obtain the Friedmann equations in the presence of a running Λ-term:
and the Ricci scalar
where the overdot denotes derivative with respect to cosmic time t. Following standard lines the Bianchi identities ▽ µT µν = 0 for G =const. reducė
where one may check that there is an exchange between matter and vacuum. Using equations (8), (9) and (11), we derive the main differential equation that governs the cosmic expansion, namelẏ
Inserting Eq. (3) into the above differential equation and solving it, one findṡḢ
Below, we discuss the cosmic history and the scalar field description of RVM.
A. Early de Sitter -radiation: Scalar field description
Initially, from Eq. (13) we easily identify inflation (de Sitter phase), namely there is the constant value solution
, which is valid in the early universe for which c 0 /H 2 ≪ 1. The latter implies the presence of an inflationary era. Indeed, performing the integration of Eq.(13) in this epoch we find
where D > 0 is the integration constant. For the early universe we consider that matter is essentially relativistic, hence here we impose ω r ≡ ω m = 1/3, hence p r = ρ r /3. Interestingly, we observe from (14) that in the case of Da 4(1−ν) ≪ 1 the universe starts from an unstable early de Sitter phase [inflationary era, H 2 = (1−ν)H 2 I /α] dominated by the huge value H I which is potentially related to the GUT scale. After the early de Sitter epoch, in particular for Da 4(1−ν) ≫ 1, the universe enters in the standard radiation phase. This behavior is confirmed from the form of ρ Λ and ρ r . Upon neglecting the terms ν and c 0 /H 2 in this early epoch, which is fully justified, we insert (14) into (3) and obtain:
Substituting the vacuum density into Eq. (11) and solving this differential equation we obtain the following solution:
where ρ I = 3H 2 I /κ 2 is the critical density during inflation. Obviously, the aforementioned expressions tell us that there is as absence of singularity in the initial state, namely the Universe starts at a = 0 with a huge vacuum energy density ρ I /α (and ρ r = 0) which is gradually transformed into relativistic matter. Asymptotically, we recover the usual behavior ρ r ∼ a −4 , while the vacuum energy density ρ Λ ∼ a −8 ≪ ρ r becomes essentially negligible. That is, graceful exit is achieved.
Despite the fact that the origin of the RVM is based on the effective action of QFT in curved space-time, the form the action is not known in general [25] ; at present such a task has only been achieved in specific cases [27] . However, using a field theoretical language, via an effective scalar field φ, it is possible to write down the basic field equations for the RVM [62] . In the present work, we term the field φ the early vacuumon 1 . Combining Friedmann's Eqs. (8)- (9) and following the standard approach
where U (φ) is the effective potential. Notice thatḢ = aHH ′ with prime denotes derivative with respect to the scale factor. Integrating Eq.(17) we obtain
Now, for ω m = 1/3 the Hubble parameter (14) becomes
We would like to point that we have imposed ν = 0 in Eq. (14), which has no effect for the study of the early universe. Within this framework, integrating Eq. (19) in the range [0, a] with the aid of Eq. (20) we arrive at
Also using Eqs. (18)- (20) the effective potential is written as
and thus
We would like to finish this section with a brief discussion regarding the recent Planck results. Specifically the results provided by the Planck team [69] have placed tight restrictions on single scalar-field models of slowroll inflation, supporting basically models with very low tensor-to-scalar fluctuation ratio r = n T /n s ≪ 1, with a scalar spectral index n s ≃ 0.96 and no appreciable running. The upper bound found by Planck team [69] on this ratio, is r < 0.10, but their favored regions point towards r ≤ 10 −3 . These results are in agreement with the predictions of the Starobinsky-type (or R 2 -inflation, where R is the Ricci scalar) models of inflation [75] . For this inflationary paradigm the action is
while the effective potential V eff (ϕ) is given by:
where ϕ is the scalaron field, characteristic of Starobinsky's inflation [75] . One may check that the scalaron mass, which can be viewed as the new gravitational degree of freedom that the conformal transformation was able to elucidate from the Starobinsky action, is indeed provided by parameter M = 8π/3β, where
Since the Starobinsky inflationary model fits extremely well the Planck data on inflation [69] we would like to combine it with that of the RVM model. In other words, we are interested to see if there is a connection between early vacuumon and scalaron fields for which the RVM potential equals that of Starobinsky.
However, we should stress that such an equality is purely formal. The two models correspond to different effective actions [62] . As a concrete example let us consider the RVM in the early de Sitter phase of the Universe. As already mentioned, in such a case the underlying physics is well described by making the approximation that the dominant term in the RVM energy density ρ Λ (H) is the quartic ∝ H 4 , i.e. we may set c 0 , ν = 0 in (3). This implies that the RVM effective action can be approximated by Upon replacing H 4 by the square of the Ricci scalar, which is to be expected during epochs where H is approximately constant, such as the inflationary (de Sitter) era, one may then write
Notice that, since α > 0 in our case, the RVM model is not equivalent to a Starobinsky-type model, for which the effective Lagrangian has the form (24), corresponding to a negative α coefficient in (26) . The reason lies in the fact that the metric tensors between the two models, (24) and (26) , are different, related by a non-trivial conformal transformation involving the scalar field [62] . Nonetheless, we can always rewrite the potential of the RVM as a "Starobinsky-like potential" via the transformation (28), (29) , without reference to the microscopic Starobinsky higher curvature model. The two models are, therefore, equivalent only at the level of effective potentials and for this reason the vacuumon can share the same successful description of inflation as the scalaron. This is an important point of our current work. It shows in the scalar field language that the RVM can describe primeval inflation.
With the above understanding, we now proceed with equating the right-hand sides of Eqs. (25) and (23) . In this way, we can express the early vacuumon field as a function of the scalaron. After some algebra, we obtain:
where
with
We note that 0 < F (ϕ) ≪ 1 since α ≪ 1 and the scalaron mass is of order of the inflationary scale. As a result, χ(ϕ) > 1 and hence the former relation between the early vacuumon and the scalaron, Eq. (28), is well-defined and leads to φ > 0 in the early universe.
In Fig. 1 2 , the two models look similar from the viewpoint of those properties of inflation that can be extracted by an effective scalar-field dynamics. However, we would like to stress that the RVM renders a simple explanation of both graceful exit and reheating problem and provides an unified view of the cosmic evolution, see [48, 50, 52, 76] for details.
The process of reheating after the exit of the inflationary epoch in Starobinsky's model has been studied e.g. in [77] . Let us nevertheless emphasize that, in contrast to the conventional scenarios, there is no genuine reheating for the vacuumon. There is, instead, a smooth transition from the early vacuum energy into radiation, without intervening particle decays. Rather than reheating there is a progressive heating up of the universe during the massive conversion of vacuum energy into radiation. This mechanism triggers a very large entropy production and may render an alternative solution to the entropy problem, see [52, 76] .
B. Equation of state of the early vacuumon
The equation of state (EoS) of a given cosmological model can be a useful tool to describe important physical properties of such model. From the equations of the previous section it is easy to find the following appropriate expression for the effective EoS of our system:
where the kinetic term has been written as (1/2)φ
2 ) a dH 2 /da and use has been made of the equation (18) for the effective potential. Notice that in the early universe we are dealing with a transition from the primeval vacuum energy into a heat bath of radiation, and therefore the EoS of the vacuumon should reflect this transition. Because matter is essentially relativistic in the early universe, we have ω m = 1/3 in Eq. (14) . Using this expression we can compute the EoS of the early vacuumon from (31) . A simple calculation renders
where again we neglected the H 2 terms in the early universe in front of the dominant power H 4 in Eq.(3). The previous equation can be rephrased in a more suggestive way as follows. Let us compute the transition point (call it a * ) where the vacuum energy density and the radiation energy density become equal. It ensues from equating equations (15) and (16) . We find that the coefficient D becomes determined in terms of the scale factor at the transition point:
As a result the EoS (32) can be rewritten as follows:
Notice that the point a * represents the nominal end of inflation and the start of the radiation epoch. In fact, from the previous equation we can easily see that for a ≫ a * (i.e. deep in the radiation epoch) we have w ≃ 1/3, whereas for a ≪ a * (i.e. deep in the inflationary epoch) we have w ≃ −1. This behavior confirms our interpretation of the early cosmic evolution in terms of the vacuumon. As we will see in Sect. IV D, an EoS analysis (in this case of the "late vacuumon") can be particularly enlightening for studies of the properties of the DE in the current universe. In the next section we shall study the late running vacuum universe from this perspective.
C. Scalar field description in the late universe
In the previous sections we have seen that the scalar field language helps to show that the RVM can describe inflation in a successful way, comparable to the scalaron. In the following two sections we show that it also helps to describe the current universe, comparable to scalar or phantom DE fields. In this section let us again focus on Eq. (13) . As long as the radiation component starts to become sub-dominant the matter dominated epoch appears. At this point since the early de Sitter era is left well behind (H ≪ H I ), the quantity c 0 /H 2 in Eq.(13) starts to dominate over αH 2 /H 2 I . Therefore, Eq.(3) reduce to
whereΛ 0 = 3c 0 + 3νH 2 0 is the current value of vacuum (cosmological constant) energy density. Using the operator d/dt = aH d/da and taking into account that after recombination the cosmic fluid consists dust (ω m = 0) and running vacuum with H ≪ H I , we can rewrite Eq. (13) as follows
Therefore, the corresponding solution obeying the boundary condition H = H 0 at the present time (a = 1) is:
withΩ
where Ω Λ0 = 1 − Ω m0 . The above boundary condition fixes the value of the parameter c 0 as follows:
Here the matter and vacuum densities are given by
Of course in the case of ν = 0 we fully recover the concordance ΛCDM. It is interesting to mention that even for small values of ν the Universe contains a mildly evolving vacuum energy that could appear as dynamical dark energy.It has been found that the current cosmological model is in excellent agreement with the latest expansion data and it provides a growth rate of clustering which is compatible with the observations (for more details [53, 54, 56, 57] 
(39) Changing the integration variable as follows
the integral can can be performed analytically. Taking the range (0, a) for the scale factor, which corresponds to (0, u) in the transformed variable, we find
where A = 2/κ 3(1 − ν) > 0. With the aid of Eq. (40) the evolution of the late vacuumon field can be found explicitly in terms of the scale factor:
where r is the ratio Such ratio coincides very approximately with the current ratio of vacuum energy density to matter energy density since |ν| ≪ Ω Λ0 . In Fig. 2 we provide the evolution of the vacuumon field. As far as Ω m0 and ν are concerned we utilize the values (Ω m0 , ν) = (0.30, 10 −3 ) which are in agreement with the recent analyses [16, 17, 78] .
Let us note from Eq. (42) that φ → −∞ for a → 0 (i.e. deep in the past), whereas φ → 0 for a → ∞ (in the remote future). In actual fact, this result applies strictly only to the late vacuumon field , i.e. whenever H 4 can be neglected in front of H 2 in Eq. (3). In practice this means well after the inflationary epoch, so it comprises most of the radiation epoch and the entire matterdominated epoch and the DE epoch. In all that lengthy period φ cannot take positive values, it evolves from a very large negative value (which we have denoted −∞) up to 0. However, for the early vacuumon the situation is different, as we have seen from the discussion in the previous section. We can see from Eq. (28) that it remains positive during and around the inflation period. We have not studied the interpolation between the two regimes here, so the two types of vacuumons behave as we have described only in the mentioned periods.
Concerning the evolution of the potential, utilizing Eqs. (36) and (18) we easily find that
Notice that in the far future a ≫ 1 the potential tends to a constant value U →
, which means that the universe enters the final de Sitter era [48, 51] . This is perfectly consistent with the constant asymptotic behavior of the running vacuum energy density (38) . At this point we attempt to write the potential in terms of the late vacuumon field φ. Inserting Eq.(40) into Eq.(44) the potential is written as
Inverting Eq. (41), namely e u = 1+e ωφ 1−e ωφ and using the definition sinh(u) =
, it is easy to prove that
This equation shows once more that φ cannot take positive values as sinh u must always be positive in order to have a well defined scale factor, see Eq. (40) . Equation (46) implies
where ω = 1/A and U 0 = U (0) =
. Obviously, the potential has a minimum (U min = U 0 ) at φ = 0 which corresponds to a ≫ 1.
In order to visualize the RVM effective potential U (φ) of the late vacuumon, in Fig. 3 we plot the ratio U/U 0 at late times as a function of κφ. Note that although the potential (45) is an even function of φ, only the branch φ ≤ 0 is physically meaningful, as we explained before. The evolution of the universe terminates at the infinite future, corresponding to φ = 0. As expected, the limit ν → 0 of all the formulas in this section corresponds to the ΛCDM. While the deviation of the RVM and of its effective scalar description from the ΛCDM is, of course, small at the present time (as shown by the value ν ∼ 10 −3 preferred by the current fits to the data), the departure of the vacuum energy density from a strict constant is exactly the reason why a mild dynamical dark energy behavior is possible at present and is also responsible for the improved fits as compared to the ΛCDM . [16, 17, 78] . The theoretical reason for such effect has been explained in detail in [79] .
D. Equation of state of the late vacuumon and the phantom effective EoS
Here we repeat the analysis of the EoS made in Sect. IV B, but now for the late vacuumon, which is specially pertinent since it is sensitive to the features of the DE at present, and hence potentially measurable. From the equations of the previous section and the general equation (31), along with Eq. (36), we find
The latter can be worked out as follows:
where r is the ratio defined before in Eq. (43) . The above formula (49) shows in a transparent way the physical behavior: deep in the matter-dominated epoch (a ≪ 1) the EoS tends to a very small value w → −ν (such value would be exactly zero in the ΛCDM), whereas deep in the DE epoch (a ≫ 1) the EoS w → −1. This kind of evolution was expected since the late vacuumon field describes the combined system of matter and vacuum energy. Therefore the EoS (49) of the compound system transits from a situation of matter dominance (w ≃ 0) into a future one of vacuum dominance (w = −1). This is similar to the role played by the early vacuumon, which described the transition from the epoch of inflation into the radiation dominated epoch. At present we find ourselves in a mixed EoS state of nonrelativistic matter and DE. Let us expand formula (49) linearly in ν in order to identify what is the leading contribution from the vacuum dynamics to the EoS around the present time. We find:
The terms of O(ν) give the leading correction introduced by the vacuum dynamics. However, in this formulation matter and vacuum are in interaction and one cannot disentangle one from another, in particular we cannot read off the effective EoS of the vacuum. As indicated above, only in the asymptotic regime the pure matter or vacuum EoS's are recovered in opposite ends of the cosmological evolution.
To better isolate the vacuum effects, an alternative scalar field formulation of the combined system of matter and dynamical vacuum is possible. In this case we assume that the scalar field χ describes the DE without interaction with matter. In fact, such is the usual point of view adopted in scalar field theories of the DE. Since χ is self-conserved, it satisfieṡ
While the vacuumon φ describes the entire system of matter and dynamical vacuum in mutual interaction, χ specifically describes the dynamics of vacuum independent of matter. This allows to conceive the same cosmological system as if we were dealing with a noninteracting quintessence or phantom DE field together with locally conserved matter, see [60, 80] . The solution of Eq. (51) in terms of the scale factor is
It follows from this expression that
To compute the EoS of χ such that it mimics the running vacuum, let us first note that the Hubble function H(a) of the model in which the DE is represented by ρ χ obviously satisfies
Since the expansion history of the RVM is to be matched by that of the scalar field cosmology based on χ, we can insert H 2 (a) from the RVM model, Eq. (36), in the previous expression and compute explicitly the derivative involved in (53) . This yields the effective EoS of χ that matches the running vacuum. After some calculations one finds that
and
If we expand straightforwardly these expressions linearly in ν and reexpress the result in terms of the redshift variable z = a −1 − 1, which is more convenient for observations, we arrive at the leading form of the desired EoS:
The departure of the above EoS from −1 precisely captures the dynamical vacuum effects of the RVM in the language of quintessence and phantom DE models. As we can see very obviously from (58), the effective behavior is quintessence-like if ν < 0 , or phantom-like if ν > 0.
As an example, let us take the recent fitting results of the RVM from Ref. [17] (cf. Table 1 of this reference).
If we take three redshift points near the transition between deceleration and acceleration, e.g. z = 0.7, 1, 1.5, we find w χ ≃ −1.005, −1.016, −1.030, respectively, hence a phantom-like behavior. As it is well-known, phantom behavior of the DE is perfectly compatible with the observational data [69] and it has been a bit controversial if interpreted in terms of fundamental scalar fields, even if playing around with more than one field. In contrast, the effective description of vacuum in interaction with matter as performed here shows that one can mimic quintessence or phantom DE in models without fundamental fields of this sort. In particular, a phantomlike behavior in our context is completely innocuous since the underlying model is not a fundamental scalar field model. In the current study the underlying model is the running vacuum model, which, as we noted, grants improved fits to the overall observations as compared to the ΛCDM [16, 17, 78] . Therefore, the mere observation of quintessence or phantom DE need not be associated to fundamental fields of this kind, it could be the effective behavior of a nontrivial (and phenomenologically successful) theory of vacuum.
V. CONCLUSIONS
In this article we have provided for the first time the scalar field description of the running vacuum model (RVM) throughout the entire cosmic evolution. That model is based on the renormalization-group approach in curved spacetime. Specifically, we have found that the RVM can be described with the aid of an effective scalar field that we called the vacuumon. At early enough times the H 4 -term of the RVM dominates the form of running vacuum and it is responsible for inflation. Within this framework, the effective early vacuumon field can be used towards describing the cosmic expansion, namely the universe starts from a non-singular initial de Sitter vacuum stage and it smoothly passes from inflation to radiation epoch, hence graceful exit is achieved. Also, we have shown that under certain conditions the early vacuumon potential can be made equivalent to the Starobinsky potential, despite the fact that the origins of the two models (RVM and Starobinsky) are quite different. This is remarkable, given the fact that the Starobinsky model of inflation is fully compatible with the current observational data.
If we focus on the low energy physics, the RVM has also been shown to fit the current observational data rather successfully as compared to the ΛCDM, and here we have also presented an effective scalar field description. The late time cosmic expansion is still dominated by the constant additive term of the running vacuum density ρ Λ (H), what makes the RVM to depart only slightly from the ΛCDM. However, the power dependence H 2 in ρ Λ (H) = ρ 0 Λ + (3 ν/κ 2 )(H 2 − H 2 0 ) makes the current vacuum slightly dynamical, and this is the clue for some improvement of the RVM fit to the data as compared to the ΛCDM. Since the coefficient in front H 2 is small the evolution of the vacuum energy density is mild prior to the present time. The remnant of the RVM at present epoch is precisely that mild quadratic dynamical behavior of ρ Λ (H) around the present value ρ Λ0 which is affected by the coefficient |ν| ≪ 1. The current dark energy dominated era can also be described in the framework of an effective late vacuumon field. We have also shown that an alternative scalar field description is possible such that the equation of state of such field mimics phantom dark energy, what is compatible with the current observations. Finally, we have found that in the far future the potential of the late vacuuom tends to a constant value U → , which implies that the universe enters the final de Sitter stage. The overall picture of the universe is that the vacuum is dominant in the early stages, it decays into radiation, proceeds into matter era and enters the current epoch of mild dynamical DE until the universe whimpers into a final de Sitter stage. The difference with the ΛCDM is that here the vacuum is dynamical at all stages of the evolution, and this also helps in a better description of the data.
Overall, we argued that the effective vacuumon scalar field, which is the outcome of the effective the scalar field description of the RVM model, could provide an efficient way to understand the underlying mechanism of early (inflation) and late (dark energy) cosmic acceleration.
